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Biot-Savart law in quantum matter
X. M. Yang and Z. Song∗
School of Physics, Nankai University, Tianjin 300071, China
We study the topological nature of a class of lattice systems, whose Bloch vector can be expressed
as the difference of two independent periodic vector functions (knots) in an auxiliary space. We show
exactly that each loop as a degeneracy line generates a polarization field, obeying the Biot-Savart
law: The degeneracy line acts as a current-carrying wire, while the polarization field corresponds
to the generated magnetic field. Applying the Ampe`re’s circuital law on a nontrivial topological
system, we find that two Bloch knots entangle with each other, forming a link with the linking
number being the value of Chern number of the energy band. In addition, two lattice models, an
extended QWZ model and a quasi-1D model with magnetic flux, are proposed to exemplify the
application of our approach. In the aid of the Biot-Savart law, the pumping charge as a dynamic
measure of Chern number is obtained numerically from quasi-adiabatic processes.
I. INTRODUCTION
Condensed matter provides a platform to realize many
physical objects in other subjects such as Majorana
and Dirac Weyl fermions which are proposed in parti-
cle physics but not be discovered in nature1–9. Another
example is the Dirac monopole, which is a point source
of a magnetic field proposed by Dirac10. It has a quan-
tum analogy in quantum physics, where the Berry cur-
vature of energy band acts as the magnetic field gen-
erated by degeneracy points as Dirac monopoles11. As
the extension of degeneracy points, nodal loops as closed
1-dimensional (1D) manifolds in 3D momentum space
can be classified as nodal rings12, nodal chains13, nodal
links14, and nodal knots15. It has been extensively stud-
ied both theoretically16–28 and experimentally29–33. In
the recent work, it has turned out that the relation be-
tween degeneracy lines and the corresponding polariza-
tion field in the parameter space is topologically isomor-
phic to Biot-Savart law in electromagnetism34.
In this work, we provide another quantum analogy of
classical electromagnetism. We consider a class of Bloch
Hamiltonians, which contains two periodic vector func-
tions with respect to two independent variables, such as
momentum kx and ky for a 2D lattice system, respec-
tively. These two periodic vector functions correspond
to two knots in 3D auxiliary space (see Fig. 1(a)). The
Bloch vector is the difference of two vectors. When we
only consider one of two knots, the system reduces to a
1D lattice system. The Zak phase and polarization field
at a fixed point in 3D auxiliary space can be obtained.
We show exactly that the knot as a degeneracy line has
a simple relation of its corresponding polarization field,
obeying the Biot-Savart law: The degeneracy line acts as
a current-carrying wire, while the polarization field corre-
sponds to the generated magnetic field. The relationship
between two knots can be characterized by applying the
Ampe`re’s circuital law on the field integral arising from
one knot along another knot. For a nontrivial topological
system, the integral is nonzero, due to the fact that two
Bloch knots entangle with each other, forming a link with
the linking number being the value of Chern number of
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FIG. 1. Schematic illustration of the aim of present work. (a)
We consider a 2D system with the Bloch Hamiltonian related
to two periodic vector functions r1(kx) and r2(ky) in auxiliary
space, which correspond to two knots. The topological index
of the energy band is determined by the relations of two knots:
The Chern number of the band equals to the linking number
of two knots. Several representative configurations of [r1(kx),
r2(ky)] is presented. Here r2 is a trefoil knot, while three types
of r1 are taken as simple loops, but at different positions, re-
sulting linking numbers N = 0, 1, and 2, respectively. The
corresponding Bloch Hamiltonians describe the systems with
Chern numbers c = 0, 1, and 2, respectively. (b) The main
purpose of this work. For a 1D model with a fixed function
r2(ky), r2(ky) is referred as to the degeneracy circuit. For an
arbitrary point r1(kx), the polarization filed P(r1) obeys the
Biot-Savart law for magnetic field arising from the degener-
acy loop as a current loop. Polarization field dP at point r1
generated from an infinitesmall length of degeneracy line dr2
at r2, has the identical form with the Biot-Savart Law related
magnetic field generated from the current loop. Finding the
polarization field P at arbitrary point r1 resulting from a de-
generacy line can be simply obtained by the Biot-Savart law
in electromagnetism.
the energy band. In Fig. 1, we schematically illustrate
the main conclusion of this work.
We propose two lattice models to exemplify the ap-
plication of our approach. The first one is an extended
QWZ model. We show that the Bloch Hamiltonian is an
example of our concerned system. Two knots of the orig-
2inal QWZ model simply reduce to two circles. The sec-
ond one is a time-dependent quasi-1D model with mag-
netic flux. In this case, the Ampe`re circulation integral is
equivalent to the topological invariant. In the aid of the
Biot-Savart law, the pumping charge acts as a dynamic
measure of the Chern number. We perform numerical
simulation for several representative quasi-adiabatic pro-
cesses to demonstrate this application.
The remainder of this paper is organized as follows.
In Sec. II, we present a class of models, whose Bloch
Hamiltonian relates to two knots. In Sec. III We pro-
pose the extended QWZ model to exemplify the appli-
cation of our approach. Sec. IV gives another example,
which is a time-dependent quasi-1D model with magnetic
flux. Sec. V devotes to a dynamic measure of Chern num-
ber, the pumping charge, which can be computed numer-
ically for several representative quasi-adiabatic processes
to demonstrate our work. Finally, we present a summary
and discussion in Sec. VI.
II. DOUBLE-KNOT MODEL
Consider a Bloch Hamiltonian hk in the form
hk =
(
(z1 − z2) x1 − x2 − i (y1 − y2)
x1 − x2 + i (y1 − y2) − (z1 − z2)
)
= [r1(kx)−r2(ky)] ·σ, (1)
which is the starting point of our study. It is consisted
of two periodic vector functions r1(kx) = r1(2π + kx) =
x1i+y1j+z1k and r2(ky) = r2(2π+ky) = x2i+y2j+z2k,
representing two knots (loops) in 3D auxiliary space.
Here σ = (σx, σy, σz) are Pauli matrices and hk repre-
sents a class of models, which is referred as to double-
knot (double-loop) model. Matrix hk can take the role
of a core matrix of crystalline system for non-interacting
Hamiltonian, or Kitaev Hamiltonian. We note that the
spectrum of hk is two-band and the gap closes when two
knots have crossing points. The aim of this work is to
reveal the feature of the system which is originated from
the character of two knots.
To this end, we first consider the case with a fixed
kx. Then the model only contains a point r1 and a knot
r2 (ky). The Hamiltonian reduces to
hky = [r1−r2(ky)] ·σ, (2)
which is a 1D system in real space. Here r2(ky) is a
degeneracy line, at which the gap closes. The solution of
equation hky
∣∣∣uky± 〉 = ε±ky
∣∣∣uky± 〉 has the form
∣∣∣uky+ 〉 =
(
cos
θky
2 e
−iϕky
sin
θky
2
)
,
∣∣∣uky− 〉 = i
(
− sin
θky
2
cos
θky
2 e
iϕky
)
(3)
with ε±ky = ± |r1−r2 (ky)|, where the azimuthal and polar
angles are defined as
cos θky =
z1 − z2
|r1−r2|
, tanϕky =
y1 − y2
x1 − x2
. (4)
For this 1D system, the corresponding Zak phases for
upper and lower bands are defined as
Z± =
i
2π
∫ π
−π
〈
u
ky
±
∣∣∣ ∂
∂ky
∣∣∣uky± 〉dky . (5)
It is well known that the Zak phase is gauge-dependent
and the present expression of
∣∣∣uky± 〉 results in
Z = Z+ = −Z− =
1
2π
∮
L
cos2
θky
2
dϕky , (6)
where L denotes the integral loop about the solid angle.
Accordingly, the polarization vector field is defined as
P = −∇Z, (7)
where ∇ is the nabla operator
∇ = (
∂
∂x1
i+
∂
∂y1
j+
∂
∂z1
k), (8)
with unitary vectors i, j, and k in 3D auxiliary space.
Straightforward derivation (see Appendix) shows that
P =
1
4π
∮
L
dr2 × (r1 − r2)
|r1 − r2|
3 , (9)
where L denotes the integral loop about the degeneracy
loop. It is clear that if we consider a degeneracy loop as
current-carrying wire with steady current strength I =
1/µ0, flowing in the direction of increasing ky from 0 to
2π, the field P is identical to the magnetic field generated
by the current loop, where µ0 is the vacuum permittivity
of free space. Since the Eq. (9) holds for an arbitrary
loop L, one can have its differential form
dP =
1
4π
dr2 × (r1 − r2)
|r1 − r2|
3 , (10)
which is illustrated in Fig. 1. It indicates that the rela-
tionship between P and the degeneracy loop obeys the
Biot-Savart law. It reveals the topological characteristics
of the degeneracy lines in a clear physical picture. We
will regard degeneracy loops as a band degeneracy circuit.
This result helps us to determine the polarization of any
loops in the auxiliary space. In addition, the Ampe`re
circulation integral
∮
ℓ
P(r)·dr along a loop ℓ has clear
physical means: (i) It equals to the sum of the current
through the surface spanned by the loop ℓ; (ii) It is the
pumping charge for the adiabatic passage ℓ.
Now we go back to hk, taking the loop ℓ as the knot
r1(kx), which has no crossing point on the knot r2(ky).
We find that the corresponding Ampe`re circulation inte-
gral is connected to the topology of two knots and the
band structure of the system
−
∮
ℓ
P(r)·dr =c = N . (11)
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FIG. 2. Schematic several representative configurations of double-knot {r1(kx), r2(ky)} for the extended QWZ model. The
plots are obtained from parameter equations in Eq. (15) with parameters indicated in the panels. The arrows on the loops
indicate the directions of the knots with various topologies. The corresponding Chern numbers are labeled, that match the
linking numbers exactly.
Here the Chern number for lower band is defined as35,36
c =
1
4π
∫ 2π
0
∫ 2π
0
r′
|r′|3
·
(
∂r′
∂kx
×
∂r′
∂ky
)
dkxdky, (12)
with r′ = r1 − r2, which also equals to the linking
number37 of two knots r1(ky) and r2(kx)
N =
1
4π
∫ 2π
0
∫ 2π
0
r′
|r′|3
·
(
∂r1
∂kx
×
∂r2
∂ky
)
dkxdky. (13)
These relations are evident demonstrations of the sys-
tem’s topological feature and clearly reveal the physical
significance of the Ampe`re circulation integral
∮
ℓ
P(r)·dr.
Furthermore, it corresponds to the jump of Zak phase
for an adiabatic passage along a knot, which can be mea-
sured by the Thouless pumping charge in a quasi 1D
system. In the following, we present two examples to
illustrate our results.
III. EXTENDED QWZ MODEL
In this section, we consider a model, which is an exten-
sion of QWZ model introduced by Qi, Wu and Zhang38,
to illustrate our result. The Bloch Hamiltonian is
hk = Bxσx +Byσy +Bzσz , (14)
where the field components are

Bx = sin kx + λ sin (2kx)
By = sinky + λ sin (2ky)
Bz = u+ cos kx + cos ky
+λ [cos (2kx) + cos (2ky)]
. (15)
It reduces to original QWZ model when taking λ = 0.
Now we rewrite it in the form
hk = [r1(kx)−r2(ky)] ·σ, (16)
where two vector functions are{
r1 = (sin kx + λ sin (2kx) , 0, u+ cos kx + λ cos (2kx))
r2 = −(0, sinky + λ sin (2ky) , cos ky + λ cos (2ky))
.
(17)
It is clear that r1(kx) and r2(ky) represent two lima-
cons within xz and yz plane, respectively. When tak-
ing |λ| < 0.5, the crossing point of the limacon disap-
pears. Particularly, when taking λ = 0, limacons reduce
to circles. The radiuses of two circles are both 1, but
the centers are (0, 0, u) and (0, 0, 0), respectively. Chern
numbers can be easily obtained from the linking numbers
of these two circles: c = 0, for |u| > 2, and c = ±1, for
0 < ±u < 2. When taking |λ| > 0.5, the crossing point of
the limacon appears. Since limacons with crossing point
cannot be classified as knots, we add perturbation terms
κ sin 2kx to r1y and κ sin 2ky to r2x to untie the cross-
ing point (|κ| ≪ 1), then limacons become knots again.
4The possible linking numbers of such two knots are still
equal to the Chern numbers c = 0, ±1, ±3, and ±4.
The absence of c = ±2 is due to the fact that we take
the identical λ in the expressions of r1(kx) and r2(ky).
In Fig. 2, we plot some representative configurations to
demonstrate this point. Comparing to the direct calcu-
lation of Chern number from the Berry connection, the
example shows that the Chern number can be easily ob-
tained by the geometrical configurations hidden in the
Bloch Hamiltonian.
IV. LADDER SYSTEM
As a simple application of our result, we consider a
quasi 1D system with periodically time-dependent pa-
rameters. The Bloch Hamiltonian has the form
hk(t) = [r(t)−rc(k)] ·σ, (18)
where r(t) = r(t+T ) represents a loop ℓ without crossing
point on the degeneracy loop rc(k). The result obtained
above still apply to the case of replacing (kx, ky) with
(t, k), and replacing
∣∣uk±〉 with |uk±(t)〉 accordingly. In
this section we will demonstrate our result and its phys-
ical implications through an alternative tight-binding
model, which is two coupled SSH chains, or a ladder
system with staggered magnetic flux, on-site potential
and long range hopping terms. These ingredients allow
the system to support multiple types of degeneracy loops
with different geometric topologies.
We consider a ladder system which is illustrated in Fig.
3, represented by the Hamiltonian
HL =
N∑
j=1
{r⊥eiφc
†
2jc2j−1 + αc
†
2j−1c2(j+1) + βc
†
2(j+1)−1c2j
+µc†2(j+2)−1c2j + νc
†
2j−1c2(j+2) + iκ[c
†
2(j+3)−1c2j−1
−c†2(j+3)c2j ] + H.c.}+ z
2N∑
j=1
(−1)j+1 c†jcj , (19)
on a 2N lattice. Here c†j is the creation operator of a
fermion at the jth site with the periodic boundary con-
dition c2N+1 = c1. The inter-sublattice hopping am-
plitudes are (α, β, µ, ν) and the intra-sublattice hopping
amplitude is κ. Besides, two time-dependent parameters,
2φ(t) is the staggered magnetic flux threading each pla-
quette and z(t) is the strength of staggered potentials.
The ladder system is essentially two coupled SSH chains.
As a building block of the system, the SSH model39 has
served as a paradigmatic example of the 1D system sup-
porting topological character40. It has an extremely sim-
ple form but well manifests the typical feature of topo-
logical insulating phase, and the transition between non-
trivial and trivial topological phases, associated with the
number of zero energy and edge states as the topological
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FIG. 3. Schematics of the two coupled SSH chains with stag-
gered flux and potential. The system consists of two sub-
lattices A and B with on-site potentials z and −z, indicated
by filled and empty circles, respectively. Hopping amplitudes
along each chain are staggered by α (blue solid line) and β
(blue dotted line). The interchain hopping amplitude is r⊥
(thick black line) associated with a phase factor and inter-
chain diagonal hopping amplitude µ (gray solid line), ν (gray
dotted line) and iκ (light green solid line). The red arrows in-
dicate the hopping directions for complex amplitudes, which
are induced by the staggered flux threading each plaquettes
(arrow circles).
invariant41. It has been demonstrated that all the pa-
rameters of this model can be easily accessed within the
existing technology of cold-atomic experiments42–44. We
schematically illustrate this model in Fig. 3. We intro-
duce the fermionic operators in k space{
ak =
1√
N
∑N
j=1 e
−ikjc2j−1
bk =
1√
N
∑N
j=1 e
−ikjc2j
, (20)
and the wave vector k = π(2n−N)/N , (n = 0, 1, ..., N −
1). Then we have
HL =
∑
k
(a†k, b
†
k)hk
(
ak
bk
)
, (21)
where the core matrix has the form
hk =
(
z + 2κ sin (3k) R(φ, k)
R∗(φ, k) −z − 2κ sin (3k)
)
, (22)
and the off-diagonal matrix element is
R(φ, k) = r⊥e−iφ +αeik + βe−ik + µe−2ik + νe2ik. (23)
Taking
x+ iy = r⊥eiφ, (24)
the parameter equations for degeneracy loop is

xc = − (α+ β) cos k − (µ+ ν) cos (2k)
yc = − (β − α) sink − (µ− ν) sin (2k)
zc = −2κ sin (3k)
, (25)
which is plotted in Fig. 4 for the case with parameters
α = µ = 0.5, β = 1, ν = 1.5, and κ = 0.1. One can see
that the degeneracy curve is a trefoil knot. Intuitively, it
should result in topological features with indices 2, 1, and
0. We will demonstrate this point in the next section.
5FIG. 4. (a1-a3) Schematics of three adiabatic passages in 3D auxiliary space for pumping charge. The degeneracy curve
(red) is a trefoil knot with parameters α = µ = 0.5, β = 1, ν = 1.5, and κ = 0.1 of the system in Eq. (19) (Fig. 3). The
adiabatic passages are straight lines (blue) at positions (x, y) : (a1) (3.80, 0), (a2) (1.15, 0.84), and (a3) (0.40, 0.01), respectively.
(b1-b3) and (c1-c3) are plots of current and the corresponding total charge transfer for quasi-adiabatic process. The results are
obtained by numerically exact diagonalization method for the system in Eq. (19) with N = 100. The speed of time evolution
is ω = 1× 10−3. It indicates that the topological invariant can be obtained by dynamical process.
V. PUMPING CHARGE
For a 2D system with Bloch Hamiltonian in the form
of Eq. (1), the physical and geometric meanings of Chern
number is well established. For a quasi 1D system with
Bloch Hamiltonian in the form of Eq. (1) by replacing
(kx, ky) with (t, k), the Chern number is connected to
an adiabatic passage driven by the parameters from t to
t+T , or a periodic loop r = r(t) in auxiliary space. In a
1D model, it has been shown that the adiabatic particle
transport over a time period takes the form of the Chern
number and it is quantized11. The pumped charge counts
the net number of degeneracy point enclosed by the loop.
This can be extended to the loop r = r(t) in the present
model.
Actually, one can rewrite Eq. (11) in the form
c = N = −
∮
ℓ
P(r)·
∂r
∂t
dt. (26)
where r (or r⊥, φ, and z) is periodic function of time t.
Furthermore, we can find out the physical meaning of the
Chern number by the relation
c =
∫ T
0
J (t)dt, (27)
6where
J =
i
2π
∫ 2π
0
[(∂t〈u
k
−|)∂k|u
k
−〉 − (∂k〈u
k
−|)∂t|u
k
−〉]dk (28)
is the adiabatic current. Then c is pumped charge of
all channel k driven by the time-dependent Hamiltonian
varying in a period, which can be measured through a
quasi adiabatic process.
Inspired by these analysis, we expect that the Chern
number can be unveiled by the pumping charge of all the
energy levels. This can be done in single-particle sub-
space. The accumulated charge passing the unit cell l
during the period T is
Ql =
∑
k
∫ T
0
jldt, (29)
where current across two neighboring unit cells is
jl =
1
i
〈
uk− (t)
∣∣ [αa†jbj+1 + βb†jaj+1 + µb†jaj+2 +
νa†jbj+2 − iκa
†
jaj+3 + iκb
†
jbj+3 −H.c.]
∣∣uk− (t)〉 . (30)
As we mentioned above, there are three types of adi-
abatic loop r = r(t) in auxiliary space, with pumping
charges Ql = 0, 1, and 2, respectively. In general, three
periodic functions r⊥(t), φ(t), and z(t) should be taken
to measure the pumping charge. However, a quasi adia-
batic loop is tough to be realized in practice. Thanks to
the Biot-Savart law for the field P(r), we can take the
adiabatic passage along a straight line with fixed r⊥ and
φ, since the field P far from the trefoil knot rc(k) has no
contribution to the Ampe`re circulation integral, or the
pumping charge.
We consider the case by taking z = ωt with ω ≪ 1.
According to the analysis above, if t varies from −∞ to
∞, Ql should be 0, 1, and 2, respectively. To exam-
ine how the scheme works in practice, we simulate the
quasi-adiabatic process by computing the time evolution
numerically for finite system. In principle, for a given
initial eigenstate
∣∣uk− (0)〉, the time evolved state under
a Hamiltonian HL (t) is
|Φ (t)〉 = T {exp(−i
∫ t
0
HL (t) dt)
∣∣uk− (0)〉}, (31)
where T is the time-ordered operator. In low speed limit
ω → 0, we have
f (t) =
∣∣〈uk− (t) |Φ (t)〉∣∣→ 1, (32)
where
∣∣uk− (t)〉 is the corresponding instantaneous eigen-
state of HL (t). The computation is performed by using
a uniform mesh in the time discretization for the time-
dependent Hamiltonian HL. In order to demonstrate a
quasi-adiabatic process, we keep f (t) > 0.9 during the
whole process by taking sufficient small ω. Fig. 4 plots
the simulations of particle current and the corresponding
total probability, which shows that the obtained dynam-
ical quantities are in close agreement with the expected
Chern number.
VI. SUMMARY AND DISCUSSION
We have analyzed a family of 2D tight-binding model
with various Chern numbers, which are directly con-
nected to the topology of two knots. When reduced to
1D single-knot degeneracy model, a polarization vector
field can be established for a gapped band. We have ex-
actly shown an interesting analogy between the topolog-
ical feature of the band and classical electromagnetism:
polarization vector field acts as the static magnetic field
generated by the degeneracy knot as a current circuit. It
indicates that there is a quantum analogy of Biot-Savart
law in quantum matter. Before ending this paper, we
would like to point out that our findings also reveal the
topological feature hidden in the case with zero Chern
number. In Fig. 2(a) and (b), we find out that though
the linking numbers of these two sets of loops are zero,
the configurations are different. It should imply certain
topological feature in a single direction, which will be
investigated in future work. This finding extends the un-
derstanding of topological feature in matter and provides
methodology and tool for dealing with the calculation
and detection of Chern numbers.
VII. APPENDIX: PROOF OF THE
BIOT-SAVART LAW
In this appendix, we provide the proof of Eq. (9) in the
main text. To this end, we first revisit the Biot-Savart
law for a current carrying loop, and then compare it with
the polarization field in the present work.
A. The magnetic field
Consider a current carrying loop L with current
strength I = 1/µ0, which is described by a periodic func-
tion r2 (ky) = x2i+y2j+z2k in a 3D space. Here µ0 is the
vacuum permittivity of free space and the current flows
in the direction of increasing ky from 0 to 2π. According
to the Biot-Savart law, the magnetic field B at position
r1 = x1i+y1j+z1k generated by the loop L is
B =
1
4π
∮
L
r2 − r1
|r1 − r2|
3 × dr2. (33)
For the sake of simplicity we only give the proof for B
and P in the x component as an example. The explicit
form of the component is
Bx =
1
4π
∮
L
(y2 − y1) dz2− (z2 − z1) dy2
|r1 − r2|
3 . (34)
7According to the Stokes’ theorem, the line integral of Bx
can be expressed as a double integral
Bx =
1
4π
∫∫
S
[
3 (x2 − x1)
2 − |r1 − r2|
2
|r1 − r2|
5 dy2dz2
−
3 (x2 − x1) (y1 − y2)
|r1 − r2|
5 dz2dx2
−
3 (x2 − x1) (z1 − z2)
|r1 − r2|
5 dx2dy2], (35)
where S represents a smooth surface spanned by the loop
L.
B. The polarization vector field
Now we turn to the quantum analogy of Biot-Savart
law. For a fixed kx, hk reduces to a 1D system hky , and
the corresponding Zak phases for upper and lower bands
are defined as
Z± =
i
2π
∫ π
−π
〈
u
ky
±
∣∣∣ ∂
∂ky
∣∣∣uky± 〉 dky, (36)
which is gauge-dependent. For the present expression of∣∣∣uky± 〉, we have
Z = Z+ = −Z− =
1
2π
∮
L
cos2
θ
2
dϕ, (37)
where L denotes loop r2(ky) and
cos θ =
z1 − z2
|r1 − r2|
, tanϕ =
y1 − y2
x1 − x2
. (38)
The polarization vector field is defined as
P = −∇Z, (39)
where ∇ is the nabla operator
∇ = (
∂
∂x1
i+
∂
∂y1
j+
∂
∂z1
k), (40)
with unitary vectors i, j, and k in 3D auxiliary space.
We note the fact that
k · [
∮
L
r2⊥ − r1⊥
|r2⊥ − r1⊥|
2 × d (r2⊥ − r1⊥)] =
∮
L
dϕ = 2πw,
(41)
where w is winding number of the integral loop r2⊥(ky) =
x2i+y2j around the point r1⊥ = x1i+y1j. Then the Zak
phase can be rewritten as
Z =
k
4π
·
∮
L
[
1 +
z1 − z2
|r1 − r2|
]
r2⊥ − r1⊥
|r2⊥ − r1⊥|
2×d (r2⊥ − r1⊥) .
(42)
The projection of the polarization vector field P in the x
direction is represented as
Px = −
∂
∂x1
Z =
1
4π
∮
L
(Gdx2 +Qdy2 +Rdz2) , (43)
where
G = −
(z1 − z2) (x2 − x1) (y2 − y1)
|r1 − r2|
3 |r2⊥ − r1⊥|
2 (44)
−
(
1 +
z1 − z2
|r1 − r2|
)
2 (x2 − x1) (y2 − y1)
|r2⊥ − r1⊥|
4 ,
and
Q =
(
1 +
z1 − z2
|r1 − r2|
) [(x2 − x1)2 − (y2 − y1)2]
|r2⊥ − r1⊥|
4
+
(z1 − z2) (x2 − x1)
2
|r1 − r2|
3 |r2⊥ − r1⊥|
2 . (45)
By the Stokes’ theorem, the line integral of Px can be
expressed as a double integral
Px =
1
4π
∫∫
S
[
3 (x2 − x1)
2 − |r1 − r2|
2
|r1 − r2|
5 dy2dz2
−
3 (x2 − x1) (y1 − y2)
|r2 − r1|
5 dz2dx2
−
3 (x1 − x2) (z2 − z1)
|r1 − r2|
5 dx2dy2], (46)
which results in
Px = Bx. (47)
Similarly, the projection of polarization vector field P
and magnetic field B in the y and z direction can be
calculated in the same way. Eventually, we can come to
a conclusion
P = B =
1
4π
∮
L
r2 − r1
|r1 − r2|
3 × dr2. (48)
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